I. INTRODUCTION
A narrow beam propagating along one of the optical axes of a biaxial medium spreads into a hollow cone. This phenomenon, internal conical refraction, was predicted by Hamilton in 1832 and observed shortly thereafter by Lloyd. A dark ring in the circular intensity pattern produced by conical refraction was observed by Poggendorf in 1839 and later explained by Voigt. ͑These historical references and an elementary treatment of conical refraction are found in Born and Wolf ͓1͔.͒ Voigt's explanation of the Poggendorf dark ring was made more precise by Portigal and Burstein ͓2͔. Lalor ͓3͔ and Juretschke ͓4͔ also analyzed internal conical refraction. Schell and Bloembergen ͓5͔ further refined the analysis of Portigal and Burstein, achieving a result accurate to second order in an angle away from the optical axis. Despite the improved accuracy, Schell and Bloembergen employed numerical integration in order to obtain some of the results given in the paper. Other theoretical treatments include that of Uhlmann ͓6͔, who proves the existence of the dark ring but does not examine the structure of the intensity pattern in detail.
Previous theoretical treatments amount to a twodimensional stationary phase evaluation of an inverse Fourier transform integral for the refracted field intensity. Our treatment employs the wave-vector representation of the dyadic Green function for the electric field given by Lax and Nelson ͓7͔. A conical expansion for the wave surface near an optical axis given by Moskvin, Romanov, and Val'Kov ͓8͔ yields a paraxial approximation for the Green function. The refracted fields can then be obtained by finding the inverse Fourier transform of the product of the Green function and the spectral representation of a Gaussian beam. We treat asymptotically an integration in azimuthal angle about the optical axis, and the remaining transverse integration can be evaluated analytically. The resulting simple characterization of the intensity pattern in terms of special functions is one of the primary contributions of this paper to the theory of internal conical refraction. In order to demonstrate the validity of our approach, we have also performed numerical integrations for the field intensity at certain parameter values.
Our results agree with the theoretical and experimental results of Schell and Bloembergen ͓5͔ for a 1 cm Aragonite sample, a 34 m beam waist, and a wavelength of 0.6328 m. For a 10 cm sample length, however, their theoretical results are qualitatively similar to the 1 cm pattern, whereas our treatment predicts secondary dark rings or fringes in the interior of the cone of refraction. We specify the parameter ranges for which this secondary oscillatory behavior of the intensity pattern should appear, and demonstrate that even allowing for large variation of the parameters the effect persists. These secondary dark rings have apparently not been predicted by past theoretical treatments, nor have experimental results been given for parameter values lying within this oscillatory regime.
Measurements by Schell and Bloembergen ͓9͔ indicate the appearance of qualitatively similar secondary rings for conical refraction by an optically active medium. Oscillatory behavior of the intensity pattern has been predicted for conical refraction in gyrotropic media ͓10,11͔, but the field has an Airy function dependence and is identically zero for certain distances from the cone of refraction. This behavior is qualitatively different from that reported here for biaxial media. Other related work includes that of Naida ͓12͔, who considers conical refraction in an inhomogeneous, weakly biaxial medium. Belskii ͓13͔ obtains transmission coefficients for a thin biaxial plate along the optical axes, and Belskii and Khapalyuk ͓14͔ discuss the change in astigmatism of a Gaussian beam propagating along an optical axis. Khatkevich ͓15͔ shows that a conically refracted beam is not confined to a particular generator of the cone, and plane wave solutions near the optical axis are discussed by Alexandroff ͓16͔. References ͓10,11,17͔ also investigate the application of conical refraction in gyrotropic media to beam focusing. A recent experimental measurement for conical refraction in potassium titanyl phosphate is found in Ref. ͓18͔.
II. PROPAGATION ALONG AN OPTICAL AXIS
To evaluate the electric field intensity due to internal conical refraction, we employ the Fourier representation of the tensor Green function for a biaxial, nonmagnetic medium with a real, symmetric permittivity tensor. The field can then be obtained from the inverse Fourier transform of the product of the Green function and the spectral representation of a narrow, Gaussian beam.
The tensor Green function for a biaxial, nonmagnetic material is
where is the time frequency, kϭkn is the wave vector, is the permeability of the medium, and ⑀ ញ is the real, symmet-PHYSICAL REVIEW E MAY 1997 VOLUME 55, NUMBER 5 55 1063-651X/97/55͑5͒/6092͑5͒/$10.00 6092 © 1997 The American Physical Society ric permittivity tensor of the medium. The Green function can be conveniently represented by a spectral decomposition ͓7͔
where the polarization vectors v j satisfy ͓k 2 (1Ϫn n ) Ϫ 2 ⑀ ញ ͔v j ϭ0 and are normalized, such that
The k j are the corresponding solutions to the Fresnel equation det͓k 2 (1Ϫn n )Ϫ 2 ⑀ ញ ͔ϭ0. One of the k j is infinite; the associated term of Eq. ͑2͒ is the nonpropagating part of G.
The wave surface defined by the Fresnel equation consists of two sheets, corresponding to the two nonzero solutions for each wave-vector direction n . The external and internal sheets of the wave surface meet at singular points along the optical axes or binormals. Let (xЈ,yЈ,zЈ) be the principle coordinate system of the permittivity tensor. If the eigenvalues are ordered so that ⑀ 1 Ͻ⑀ 2 Ͻ⑀ 3 , then the optical axes lie in the xЈ-zЈ plane, at angles
from the zЈ axis. Near these directions, the wave surface forms a cone. Let x, y, and z be the rotated coordinates xϭxЈcos␤ϪzЈsin␤, yϭyЈ,
zϭxЈsin␤ϩzЈcos␤, ͑5͒
so that the z axis lies in the direction of one of the optical axes. The geometry is depicted in Fig. 1 . In cylindrical coordinates associated with the rotated coordinate system, the wave surface has an expansion about k ϭ0 of the form k z ϭT j , where ͓8͔
and k 2 ϭͱ⑀ 2 . The jϭ1 term corresponds to the external part of the wave surface and jϭ2 to the inner part. The constants are
The apex angle of the cone of refraction is 2A.
Neglecting the nonpropagating term, the tensor Green function for small k is
where the v j are in the principle coordinate system. The polarization vectors v j can be found using the geometric relationship between the electric displacement vector D and the wave and ray vectors. The vectors D j corresponding to the v j either lie in the plane containing the wave vector and the ray vector or are perpendicular to it. For k along the z axis and ray vectors lying on the cone of refraction,
and D 2 ϭD 1 (ϩ). The v j are proportional to ⑀ ញ Ϫ1 D j , so that . The eigenvector v 2 is v 1 (ϩ).
The refracted electric field due to a Gaussian beam of waist size w 0 focused at one face of the biaxial medium is then 
EϭϪ
for zϾ0. The leading order phase as a function of for both the external and internal terms is g͑ ͒ϭ͑ xϩAz͒cosϩysin. ͑12͒
The phase is stationary at two angles; for each of the two terms one of the stationary points is nonphysical. The causal stationary points are
where the signs are chosen by noting that j specifies the angle of the point on the external or internal sheet of the wave surface at which the surface normal is in the direction of the ray to the point (x,y,z). Integrating Eq. ͑11͒ by the method of stationary phase gives
where
and the v j are evaluated at the stationary point j . The large parameter is k ͱ(xϩAz) 2 ϩy 2 , so that the stationary phase condition becomes invalid at k ϭ0. For typical parameter values, however, the resulting error is not significant since the integrand vanishes as k →0.
The remaining k integration yields
where F͑a,b ͒ϭe
and L q p (x) is the associated Laguerre function. The internal and external terms combine since they differ only by the sign of b j and the phase j . For large z, a 1 is approximately iB 1 z, so that the asymptotic dependence of E is z Ϫ5/4 , which matches the result reported by Moskvin, Romanov, and Val'skov ͓8͔ for the field due to a point source in directions lying on the cone of internal conic refraction. For fixed z, the leading behavior of Eq. ͑19͒ at large distances from the cone of refraction in the x-y plane is the Gaussian term exp͓Ϫb 1 2 /(4a 1 )͔, where b 1 is the distance from the circular section of the cone with radius Az and center at (ϪAz,0,z) as shown in Fig. 2 . The polarization term v 1 ( 1 )͓v 1 ( 1 ) •p ͔ modulates the intensity pattern as a function of angle around the cone in the x-y plane, as exhibited by Fig. 3 of Ref.
͓5͔.
In order to verify our approach, the k integration of Eq. ͑11͒ can be evaluated in terms of associated Laguerre functions and the integration performed numerically. Results obtained in this manner for Aragonite ͑n x ϭ1.530, n y ϭ1.680, n z ϭ1.685 ͓5͔͒, zϭ10 cm, beam waist 34 m, vacuum wavelength 0.6328 m, and incident polarization in the x direction differ from the approximate expression ͑19͒ by less than 2% over most of the intensity pattern, as shown in Fig. 3 .
The oscillatory behavior of F(a,b) includes the wellknown Poggendorf dark ring, but for certain values of the beam waist size, propagation distance, and permittivities of the biaxial medium, additional fringes appear on the inside of the cone, as shown by the plot of ͉F(1ϩiq,b)͉ in Fig. 4 . There are two conditions which must be met in order for the secondary oscillatory behavior of the field intensity pattern to appear. First, a must be such that F is oscillatory as b varies. Second, the radius Az of the cone of refraction must be greater than the distance of the first secondary fringe from the cone of refraction. The coefficients D and E are typically much less than unity, so that B j ӍB, and we need only consider the yϭ0 section of the intensity pattern. The parameters a 1 and b 1 of Eq. ͑19͒ can be rescaled so that a 1 ϭ1 ϩi4Bz/w 0 2 and b 1 ϭϪ2x/w 0 . As can be verified by exam- For these values, Az/w 0 ϭ9.7 and Bz/w 0 2 ϭ1.0, so that both conditions ͑21͒ and ͑22͒ are satisfied even with large error in the beam waist size, sample length, or permittivities of the medium. The experimental arrangement described by Schell and Bloembergen ͓5͔ would allow sufficient control of the parameters to remain well within the oscillatory regime of the intensity pattern.
For a 10 cm crystal length and a beam waist of 34 m, our theory also predicts fringing in the intensity pattern ͑Fig. 6͒. This does not match the numerical results of Schell and Bloembergen ͑Fig. 7c of Ref. ͓5͔͒. Although the shift of the dark ring's minimum towards the interior of the cone and the larger amplitude of the inner peak agree qualitatively, the intensity pattern obtained by Schell and Bloembergen exhibits no additional fringing.
III. CONCLUSION
The intensity pattern due to internal conical refraction of a narrow beam by a biaxial medium has a more complicated structure than previously known. Our treatment predicts additional dark rings on the interior of the cone for a range of values of the anisotropy of the medium, beam waist size, and propagation distance. We have given constraints on these parameters for the oscillatory regime of the intensity pattern, and demonstrated that these constraints are physically reasonable and sufficiently large for experimental verification of the effect. Apparently there do not exist, in the literature, measurements of the intensity pattern for beam and material parameters for which secondary dark rings would be expected to appear, and so it seems desirable to further explore FIG. 3 . Magnitude of 10 3 E/E 0 for Aragonite, zϭ10 cm, beam waist 34 m, and wavelength 0.6328 m as given by numerical integration of Eq. ͑11͒. On the same scale the percentage error of Eq. ͑19͒ with respect to the numerical integration is shown as a dashed line. Incident polarization is in the x direction. The cone of refraction intersects the x axis at xϭϪ3.5 mm. F(1ϩiq,b) . The local minimum along the x axis produces the dark ring in the intensity pattern of conical refraction. bϾ0 corresponds to the interior of the cone and bϽ0 to the exterior of the cone.
FIG. 4. Magnitude of

FIG. 5. Magnitude of 10
3 E/E 0 for Aragonite, zϭ1 cm, w 0 ϭ18 m, and ϭ0.6328 m. The singularity of Eq. ͑19͒ at the center of the cone of refraction appears at xϭϪ0.175 mm. Incident polarization is in the x direction.
FIG. 6. Magnitude of 10
3 E/E 0 for Aragonite, zϭ10 cm, w 0 ϭ34 m, and ϭ0.6328 m. Dashed lines are magnitudes of the internal and external contributions taken separately and the solid line is total intensity as given by Eq. ͑19͒. Incident polarization is in the y direction. conical refraction experimentally. Our result also contributes to the theory of internal conical refraction by characterizing the intensity pattern in terms of special functions which make clear the leading behavior of the refracted fields. An extension of this work would be to determine the relationship between the secondary fringes predicted by our theory and those that appear in the intensity pattern for an optically active medium, as reported in Ref. ͓9͔. 
